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Abstract

An undirected grapls = (V, E) is abisplit graphif its vertex set can be partitioned into a stable
set and a complete bipartite graph. We providel@(¥V ||E|) time recognition algorithm for these
graphs and characterize them in terms of forbidden induced subgraphs. We also discuss the problem
of recognizing whethe® has a stable s&such that the connected component&oV \ ST are more
than one complete bipartite subgraph.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

An undirected graplt; = (V, E) is abisplit graphif its vertex set can be partitioned
into three stable set¥, Y andZ such thatr U Z induces a complete bipartite subgraph
(abi-clique) in G. Such a partition o¥ is calledproper. We denote the class of all bisplit
graphs byd.

In a sense, the class of bisplit graphs resembles that of split graphs, i.e., graphs whose
vertex set can be partitioned into a stable set and a c[@juSplit graphs have many inter-
esting properties such as simple induced subgraph characterization, linear time recognition
as well as polynomial time algorithms for some NP-hard problems and thus are of primary
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importance in graph theory and for graph algorithms. Replacement of “clique” in the defini-
tion of split graphs with “bi-clique”, however, changes a lot, still preserving some attractive
properties.

Obviously, bisplit graphs form an intermediate class between 2-colorable (i.e., bipartite)
and 3-colorable graphs. It is well-known that bipartite graphs can be recognized in linear
time whereas it is NP-complete to recognize whether a graph is 3-col¢iahié] In the
present paper we refine the complexity gap between these two extremes by considering the
following hierarchy of classes: A gragh is k-bisplitif it has a stable seX such that the
induced subgrap& [V \ X] has at modtconnected components, and all these are bi-cliques.
G is aweak bisplit graphf it is k-bisplit for somek. Note that 1-bisplit graphs are exactly
the bisplit graphs.

We prove that recognizing weak bisplit graphs is NP-complete whbéesplit graphs
can be recognized in polynomial time for every fixedFor k = 1, a polynomial time
recognition is also given if8]. In the present paper, we study this problem in more detalil
and give an(| V|| E|) time recognition which, to the best of our knowledge, is the fastest
known recognition for these graphs.

Another observation is that bisplit graphs are transitively orientable and thus comparabil-
ity graphs: If(X, Y, Z) is a proper partition of the bisplit grafhthen orient all edges from
XtoY, from Zto X and fromZ to Y. Thus, bisplit graphs represent another poorly explored
area between bipartite and comparability graphs which both have characterizations in terms
of forbidden induced subgraphs: It is well-known that a graph is bipartite if and only if it
contains no odd cyclegd 4], and for comparability graphs, a forbidden subgraph charac-
terization was given by Gallai ifiL0]. In the present paper we give a forbidden induced
subgraph characterization for the class of bisplit graphs in terms of minimal non-bisplit
graphs that are transitively orientable.

Note that there are other problems in graph theory requiring the identification of a stable
setSin a graphG = (V, E) such that the subgraph induced By S has a certain property
I1. Examples of such problems appeareBhincluding the case wheH is a split graph,

a threshold graph, a trivially perfect graph or a tree. Also, this problem is shoj&8]ito
be NP-complete whefl means the property of being a cograph.

Another problem of this type is thstable cutset problermsking whether the input graph
G = (V, E) has a stable s&such thatV\ S induces a disconnected subgraptGnthis
problem is NP-complete and is discusseftig—6,17]

Throughout this paper, all graphs are finite, loopless and undirected. For a subset of
verticesU of a graphG = (V, E), we denote byG[U] the subgraph o6 induced byU.

A vertexv € V is said to be aneighborof a vertexu € V if it is adjacent tou, and a
non-neighbortherwise. The set of all neighbors of a verteis denotedV (1). As usual,

K, is the complete graph amvertices. The complete edge set between disjoint vertex sets
U andW s calledjoin and denoted by @ W.

2. Recognition algorithm

In the recognition algorithm below, the first phase of a two-phase “transitive orientation”
procedure fronfil6]is used as a subroutine. Given an arbitrary gi@ptihe first phase of this
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procedure, calledrientation phasgassigns orientations to all its edges, the orientation being
transitive if and only ifG is a comparability graph. The second phase, calksification
phase checks whether the obtained orientation is transitive. For graphsnaitgrtices
andm edges, the orientation phase can be implemented(in4Om) time [16], and the
verification phase has the same time bound as matrix multiplication. Our algorithm only
needs the orientation phase.

In an oriented graph, a vertexs called asourceif every edge incident to is outgoing,
and asinkif every edge incident t@ is incoming. In the algorithm, we use the obvious
fact that in a bipartite graph with any transitive orientation of the edges, every non-isolated
vertex is either a source or a sink. Obviously, the following graphs are not bisplit graphs:

e K4 (since itis not 3-colorable);
e K3+ Ko (since in a bisplit graph, the set of vertices non-adjacent to a triangle is stable);
e chordless cycles of odd length greater than 3 (since they are not transitively orientable).

Therefore, if a graplG contains no triangles, the@ is bisplit if and only if it is bipar-
tite. Assume now tha® contains a triangld with verticesa, b, c. We say that a vertex
vé¢{a,b,c}is ak-vertex forT, k € {0, 1, 2, 3}, if v is adjacent to exactli vertices ofT.
Thus, in a bisplit graph, no trianglE has a 3-vertex. LeD denotes the set of 0-vertices
for T; A, B, C denote the sets of 1-vertices adjacent, respectively, bar c; AB, AC, BC
denote the sets of 2-vertices adjacent, respectivelyatudb, a andc, or b andc.

Our recognition algorithm is based on the following propositions, the first of which is
obvious.

Proposition 1. If G is a bisplit graph and abc is a triangle in,Ghen

(i) AB, AC, BC and O are stable setand G[A], G[B] and G[C] are bipartite graphs
(i) Suppose thatX, Y, Z) is a proper partition of G. Thet® C X. Moreoverif a € X,
beY,ce Z,thenBC Cc X,AC CY,andAB C Z.

Since bisplit graphs are transitively orientable, a triafighaust have a transitive orien-
tation. Note that in every transitive orientation of a triangle, one vertex has indegree 2 and
outdegree 0, one vertex has indegree 0 and outdegree 2, and the third vertex has indegree
1 and outdegree 1. Let us show that it is correct to assign the vertex of indegree 1 and
outdegree 1 i to X.

Proposition 2. LetG = (V, E) be a bisplit graph and leG be any transitive orientation
of G. Suppose that abc is a triangle in G such tﬁétﬁ, ch € G.ThenA =¢ and G
admits a proper partitionX, Y, Z) witha € X.

Proof. The fact thatA = @ follows by transitivity. LetX’, Y’, Z’ be an arbitrary proper
partition of G with a ¢ X’; without loss of generality let € Y/, b € X', ¢ € Z'. Note that,
asci € G, all edges of the joirY’ ® Z’ are oriented fronZ’ to Y’. LetM be the set of all
vertices inX’ which have a non-neighbor ity’. If M = ¢, the statement follows by setting
X =YY := X', Z:=Z.Therefore, let us assunié = @.
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For eachv € M, let H (v) be the connected component of the bipartite gr@pk’ U Y']
containingu. SetH := J,¢, H(v). Then

a¢ H,

because iti € H(v) for somev € M, then clearlyb € H (v). Therefore, agh e 3, all
edges ofH (v) are oriented fronY’ to X’ by transitivity. Consider an edge, v) of H (v)
for somey e Y’ (possiblyy =a), and let; € Z’ be a non-neighbor of. Thenz3, yb € G,
butzandv are non-adjacent. This contradiction proves thatH .

Let us set now

X=Y\H)UEHNX), Y=X\HUMHNY), zZ2:=Z.

By the definition ofH, the sets andY are stable and € X. Moreover, since/ c X and
Y' ® Z', we haveY ® Z. Thus,(X, Y, Z) is a proper partition oG witha € X. O

Let G be any transitive orientation @. For a subset/ C V(G), let

U be the set of isolated vertices@H U |;
U~ be the set of sources ﬁ[U];
U™ be the set of sinks ifG [U].

Note that ifG[U] is bipartite, thery = USU U~ U U™.

Proposition 3. Let G be a bisplit graph and leG be any transitive orientation of G.
Suppose that abc is a triangle in G such tiadt, ca, ch € G.Then G admits a proper
partition (X, Y, Z) such that

{aYUBCUOUBTUC™ C X, {pjuACUCT CY, and
{cUABUB~ C Z

Proof. By Proposition 2G admits a proper partitionX, Y, Z) with a € X. Without loss
of generality assume thate Y, ¢ € Z. By Proposition 1,

BCUOCX, ACcCY, ABCZ.

Moreover,B C XUZandC C XUY.lIf BtNZ=pandC~NY =0, then(X,Y, Z) is
a desired proper partition. For other cases we first show:

Claim 1. f BT NZ #@,thenC~ Cc X.If C" NY # @, thenB™ C X.

Proof of Claim 1. Letu € Bt N Z, and letv € B~ N X be a neighbor ofl. Consider an
arbitrary edgés, r) of G[Clwiths € X,t € Y. Sincevi, ut € ﬁ, it follows by transitivity
thatv, 7 are adjacent an@ € G.As X is stable,s7 € G, showing thatC~ ¢ X. The

second part of Claim 1 can be proven similarly.]

Clam2. (B~ NnX)®@Yand(CTNX)® Z.



A. Brandstadt et al. / Discrete Mathematics 299 (2005) 11-32 15

Proof of Claim 2. Letu € B~ N X, and letv € B N Z be a neighbor ofi. As it € rel
and all edges of the joili ® Z are oriented fronZ to Y, u is adjacent to all vertices Mby
transitivity. The second part can be proven similarliz

Now, if BY N Z # ¢, then replacX by X\(B~ N X) U (BT N Z), andZby Z\(BT N
Z)U (B~ N X).ByClaims 1 and 2(X, Y, Z) is a desired proper partition &. The case
C™NY #@issimilar. O

The strategy of the recognition algorithm is to try an assignment of vertices to cksses
Y, Z with some obvious initial assignments according to Propositions 1-3. Whenever there
is a conflict of a vertex not yet assigned to vertices already assigned, we can define a new
assignment or show th& is not a bisplit graph.

Algorithm 1 (Recognition of bisplit graphs
Input: A graphG = (V, E).
Output: “YES” if G € @; “NO” otherwise.

(1) Take an arbitrary vertex € V and partitionV into subsets
VO = {U}7 Vl, V27 sty Vpa

whereV; denotes the subset of vertices at distgritem v [BFS hanging from vertex
v].

(2) If for eachj € {1,..., p}, V; is a stable set, then output “YES” and STOP is
bipartite]; otherwise lef be the smallest index for which; contains an edge

(3) If the endpoints ok do not have any common neighbor ¥)_1, then output “NO”
and STOP ¢ contains an induced cycle of odd length greater than fheherwise
let T be a triangle formed by the endpoints @together with a common neighbor
in Vi-1.

(4) Carry out the orientation phase of procedure “Transitive orientation'Golf the
orientation of the triangld is not transitive, then output “NO” and STOBR [is not
a comparability graph otherwise denote bgthe vertex of indegree 1 and outdegree 1
in T, denote by the vertex of indegree 2 and outdegree T and denote bgthe vertex
of indegree 0 and outdegree 2. Thiidas the orientation — b, ¢ — a, c — b.

(5) If A # ¢, then output “NO” and STOP( is not a comparability graph If T has
a 3-vertex or if one of the sefS, AB, AC, BC is not stable, then output “NO” and
STOP [G is not a bisplit graph by Proposition3f G[B] or G[C] is not bipartite, then
output “NO” and STOPG is not a bisplit graph Else determine the se&’, B—, B,
C%, c—, Ct given by the orientation phase. Let
Xg:={a)UBCUOUBTUC™,

Yo:={b}UACUCT,
Zo:={c}UABUB".

(6) (a) determine alB®- andCP-vertices conflicting withXo, Yo, Zo:
Bl := the vertices o that have a neighbor iig or a non-neighbor if¥o;

B2 := the vertices ofB° that have a neighbor iXo;



16 A. Brandstadt et al. / Discrete Mathematics 299 (2005) 11-32

CL :=the vertices of"° that have a neighbor ik or a non-neighbor iZo;
Cil,( := the vertices of’° that have a neighbor ifio;

(b) If B N BL # @orCi nCL # ¢, then output “NO” and STOPa[vertex has a
double conflidt

(€) X1:=XoUB}UCy, Y1:=YoUC3, Z1:=ZoU BL.

(d) Bl := BO\(B};(UB%), cl.= CO\(C}(YUC%)[the remaining vertices to be assigped
If B1=B%andc!= 9, then GOTO (8).

(7) k=1,
repeat
k:=k+1;

(a) [determine new conflicting vertices of the next rdund
BY := the vertices o8*~* that have a non-neighbor & * [ BX vertices have to
be assigned to X
BY := the vertices of3*~! that have a neighbor ia%* [BX vertices have to be
assignedto ¥
C% :=the vertices o’*~ that have a non-neighbor B, * [CX vertices have to
be assigned to X
Ck .= the vertices ofC*~ that have a neighbor iB% ™ [C% vertices have to be
assigned toyY
(b) If B N BY # @orck nch # ¢, then output "NO” and STOPa[vertex has a
double conflict
(€) Xy := X1 U Bé‘( uck Y =Y 1 U CI;, Zi:=Zr1U Bé.
(d) Bf := BFI\(BX U BY), CF := 1\ (Ck U C¥) [the remaining vertices to be
assignedl
until BY, U BL UCk U Ck =9.
(8) X:= X, UBK Y =1, UCk Z .= 7.
(9) If (X, Y, Z) is a proper partition o6, then output “YES”, otherwise “NO”.

Theorem 4. Algorithm 1 correctly recognizes bisplit graphs with n vertices and m edges
intimeO(nm).

Proof. CorrectnessWe have to show th&s is a bisplit graph if the algorithm says “YES”,
andG is not a bisplit graph if the algorithm says “NO”. Since the only steps where the
algorithm says “YES” are step (2) (bipartite graphs are obviously bisplit graphs) and step
(9) where the algorithm checks once more whether the obtained patrtition is proper, the
first claim is fulfilled. The first answer “NO” can be given in step (3) (where an induced
odd cycle is found) which is correct, then in step (4) (wh&rés not a comparability
graph). The answer “NO” in step (5) is correct by Propositions 1 and 2. In GCasge

not transitive, the answer “NO” in steps (6) and (7) is clearly correct; in the other case,
the correctness follows from Proposition 3 (conflicts assign vertices to clagsesZ

and double conflicts show th& is not a bisplit graph). Finally, it is easy to see that,
after the repeat-loop is finished, iy, Y, Z;) is a proper partition of the subgraph

Gy = G[ X U Y U Z], then the partition(X, Y, Z) in Step (8) is proper for the entire
graphG.
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Time boundWith an appropriate data structure, a single execution of the repeat loop can
be implemented in time @ + m). Since the algorithm carries out Step (7) at nrosines,
the total time complexity of this step is(@n). This also bounds the time complexity of
any other step of the algorithm.[]

3. Forbidden induced subgraph characterization

In view of the discussion in the introduction, every incomparability graph is forbidden in
®. In this section, we characterize bisplit graphs by atef minimal forbidden induced
subgraphs that are comparability graphs. In thetsete distinguish two infinite graph
families H® = {H?, HY, HY, ...} and H' = {H}, H}, H}, ...}, defined by induction, as
follows.

Induction basisHl0 is defined to be &4 on the verticestg, yo, x1, y1, While Hll is
defined to be &3 + K>, i.e., the disjoint union of &3 on the verticesyg, yo, zo and ak»
on the vertices, y1.

Induction rules

1. For an everk andi € {0, 1}, the graph; is obtained fron¥; ; by

e deleting the edgéx;—1, yr—1);

e adding a pair of non-adjacent vertices yi;

e connectingy to vertexy;_; and to eachy; with evenj <k — 1, and connectingy to
vertexx;—1 and to each; with evenj <k — 1.

2. For an odck andi € {0, 1}, the graph#, is obtained fromH, ; by

e connecting vertices,_1 andy;_1 by an edge;

e adding a pair of adjacent vertices, y;

e connectingy; to each vertex; with evenj <k — 1, and connecting; to each vertex
xj withevenj <k — 1.

In the sequel, in order to distinguish induced subgraphs isomorprﬂ!ftor Hk1 with
k > 1, we shall refer to these graphs as
5O [xo, X1,X2,X3, ..., Xk—1, xkj|

K150, Y15 Y2, Y35+« - Yk—1s Vi

and

1 X0, X1, X2, X3, - .., Xk—1, Xk
Y0, Y1, Y25, ¥35 - - -5 Yk—1, Vk

respectively. In addition, we shall use the fact that any graph of the}q}n:an be uniquely
characterized by its degree sequence, which ranges front ¥-té both for thex;- and
yj-vertices Fig. 1).

Theorem 5. A comparability graphG = (V, E) is bisplit if and only if it does not contain
any graph in H as an induced subgraph
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Lo 1 0 1 2 0 1 2 3
& )

Yo hn Yo 0N Y2 Yo %N Y2 Y3
Y Hy Hy

ZTo T Zo T ZTo Zo T X9 3
Yo hn Yo n Y2 Yo n Y2 Y3
Hi H, Hj

Fig. 1. The first six graphs in the family.

Proof. NecessityLet G be a bisplit graph with a proper partitidiX, Y, Z). Assume by
contradiction thaG contains an induced subgraptj € H with somei € {0, 1} andk > 0.
DenoteW; = {x;,y;}, i =0,1,..., k. We use induction ojito show that

(a) foreveryodd, W; C X,
(b) forevery even, W; C Y U Z; furthermorex; € Y andy; € Z, or vice versa.

Suppose first that= 0. CIearIyH{) ¢ @ and hencé > 1. Consequently is not adjacent
to y1. Assuming thatxg belongs toX and yg to Z, we conclude that1, y1 € Y, x2 € X,
y2 € Z. But now the partitio(X, Y, Z) is no longer proper, sincg € Y is not adjacent to
y2 € Z. The only way to avoid this contradiction is to assume that, up to symmetey,Y
andyp € Z,and hence, y1 € X andxp € Y,y € Z.

Suppose now that = 1. No vertex inWy has a neighbor in the triangle), yo, zo.
Therefore, each vertex d¥1 belongs toX, since otherwis&[Y U Z] is not a bi-clique.
Consequently(x1, y1) ¢ E and hencé > 1. By the definition of/}, x» is adjacent toy,
andy, is adjacent tac1. Thus,Wo C Y U Z. If both vertices ofW, belong toY, thenxg does
not belong taZ, sincexg is not adjacent ta. Analogously,yg andzg do not belong t&.
This contradicts the fact that exactly one vertex of the triamgleo, zo must belong t&.

A similar contradiction is obtained if both verticesWwb belong toZ. Therefore, one of the
vertices inW» belongs tor, and another one . Without loss of generality we assume that
x2 € Y andys € Z, implying thatzg € X, xg € Y andyg € Z. Thus we have established
the induction basis for (a) and (b).

To make the inductive step, I¢t> 2. Sincex; is adjacent toy, the vertexx; does not
belong toZ. By analogy,y; does not belong t¥. For oddj, we know thaty; is not adjacent
to y;_1, but by the induction hypothesis 1 is in Z, and hencex; is not inY. Thusx;
belongs taX, and similarlyy; € X. For evenj, the vertexy; is adjacent toy;_1, and by
the induction hypothesis;_1 is in X, hencex; is not inX. Consequentlyy; € ¥, and by
analogyy; € Z. This completes the proof of (a) and (b).

Let k be odd. Then, on the one hand, the vertiegsand y; are adjacent due to the
construction ofH,ﬁ. On the other handy;, € X by (a), a contradiction. Ik is even, then
x; is not adjacent toy in H!, butx; is adjacent toy; by (b), again a contradiction. The
necessity is proved.
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Sufficiency Let G be a comparability graph containing no graph kh as an
induced subgraph. Our goal is to show that belongs to®. The proposition is
trivial if G does not contain any triangle. Indeed, in that c&sis bipartite, since no
comparability graph contains an odd cycle of length greater than 3 as an induced
subgraph.

From now on, we assume th@&t contains a triangld” = (a, b, ¢). As in the recogni-
tion algorithm, we suppose thatadmits the following transitive orientation_fa, ¢a, ch.
We keep also all the notations introduced in the algorithm. In addition, we déhote-
G[Xy UY U Z] fork>0.

It is a simple exercise to verify that {X,, Y, Z;) is a proper partition of the grapti,
for eachk >0, then so is the patrtitionX, Y, Z) of the graphG defined in Step (8) of the
algorithm. The fact thatXy, Yi, Zx) is a proper partition o7, will be proved by induction
onk according to the following plan.

The basis

Claim 6 will show that the subsetXy, Yo, Zo form a proper partition of the
subgraphGo;

Claim 7 will state thaB} N B = ¢ andCy N C; = @, proving thereby the correctness
of the definition ofG1;

Claim 8 will prove that the subsetXj, Y1, Z; form a proper partition of the
subgraphGi.

The induction stejk > 1): assuming thaG ; € @ for each;j <k,

Claim 9 will assert thaB% N BY = ¢ andC% N ¥ = g, justifying the construction
of Gy;

Claim 11 will conclude that € .

Claim 6. The subsetXy, Yo, Zo form a proper partition of the subgrapfio.

Proof. To prove the claim, we have to show th&4, Yo, Zo are stable sets, and each vertex
in Yo is adjacent to each vertex iy.

First, observe that the subsé®s, B—, C*™, C~ are stable, as can be seen directly from
their definition. Also,AB, AC, BC are obviously stable, otherwis&would contain &K 4.
Taking into account the transitivity condition, we conclude that no vert®Qis adjacent
to a vertex inO, and every vertex ik\B is adjacent to every vertex iC. The rest can be
proved as follows.

Xy is a stable setNo vertexx in BC U O is adjacent to a vertexin B™. Indeed, ifx
would be adjacent tg, then any neighbar € B~ of ywould be adjacent teby transitivity,
implying either aK4=G]|x, y, z, b] (if x € BC)oraKz+ K2=G|x, y,z,a,c](if x € 0).
Analogously, no vertex ilBC U O is adjacent to a vertex i@ .

No vertexx in BT is adjacent to a vertexin C~. To prove this, denote by, a vertex
in B~ adjacent tax, and byz, a vertex inC™ adjacent toy. The existence of the edge
(x, y) would imply by transitivity the existence of the edges, y), (x, z2) and(z1, z2),
and therefore the existence oka = G[x, vy, z1, z2].

Yo is a stable setNo vertexx in ACis adjacent to a vertexin C*, since otherwise any
neighborz € C~ of y would be adjacent t& by transitivity, implying the existence of a
Ka=Glx, v, z, c]. Similarly, Zg is a stable set.
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Each vertex € Ypis adjacent to each vertexe Zg. Assume thay belongs toB—, and
letz € BT denote a neighbor of By transitivity, if y is not adjacent ta, thenz also is not
adjacent tx. Consequentlyy € C*, elseG contains aninducel3+ K>,=Glx, a, c, y, z].
By transitivity, no neighbor € C~ of x is adjacent toy or to z But now the vertices
x,c,t,y,zinduce aK3 + K> in G. This contradiction proves thatis adjacenttoy € B™.
The remaining case follows by symmetry]

Claim 7. Bt N Bl =¢andCy N C; =¢.

Proof. Due to symmetry we restrict ourselves to the proof of the fact Ban BL = ¢.
Assume by contradiction that a vertedelongs both t(B,l( and toB%. By the definition of
B1, uhas a neighbos € Xo = {a} UBC U O UC~ U B™. By the definition ofB}, there
is a vertexw, which is either a neighbor af in Zg = {¢} U AB U B~ or a non-neighbor
of uin Yo={b} U AC UC™. Obviouslyv # a, w # b, w # c,v¢ BT, w ¢ B~ (see the
definition of B®). We analyze below the remaining cases.

If uis adjacentta € BC U O and tow € AB, thenv is adjacent taw by transitivity.
But thenG contains either &4 = G[b, u, v, w] (if v € BC) or

H20|:b,a,v]
w,u,c
(if v € 0).

If uis adjacenttw € BC U O and non-adjacentte € AC, thenv is not adjacent tav
by transitivity. But therG contains either &3 + K2 = Gla, ¢, w, u, v] (if v € O) or
ol ¢c,a,u
H; |:b, v, wj|
(if v € BC).

If uis adjacent taw € BC U O and non-adjacent te € C*, denote byt a neighbor of
win C~. By transitivity, v is not adjacent tev and hence is not adjacentttd-or the same
reasonyu is not adjacent td. But thenG contains aK3 + K2 induced either by vertices
b,u,v,w,t (if ve BC)or by verticex, w, t, u, v (if v € O).

If uis adjacent tay € C~, we denote bys a neighbor ofy in C*. By transitivity, u is
adjacent tes. For the same reason lifis adjacent tav € A B, thenw is adjacent tw ands,
whichimplies the existence ofy=G[s, u, v, w]. If uis notadjacentta ¢ ACUC™, then
wis not adjacent to ands. In case thatv € AC, G contains a&k3+ K> = Glu, v, s, a, w].
If w e C*, we denote bya neighbor ofvin C~. From the definition of”~ it follows that

tis not adjacent te, and by transitivityt is not adjacent ta. But nowG contains either a
K3+ K2 = Glu, v, s, w, t] (if (z,s) ¢ E) or

ol ¢, t,u
H; |:s,v,wi|
(f (¢, 5) € E). O

Claim 8. The subset¥, Y1, Z1 form a proper partition of the subgrapti.
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Proof. Taking into account Claims 6, 7, we have to show only that

(1) no vertexuin B} has a neighbow in C%;
(2) every vertexin B} is adjacent to every vertexin Ci.

To prove (1), we denote by either a neighbor ofi in Zg or a non-neighbor ofl in Y.
By t we denote either a neighbor ofin Yo or a non-neighbor ob in Zp. To the contrary
we assume that is adjacent tav, and consider the following cases that exhaust, up to
symmetry, all possibilities fon andv.

If uis adjacentta € AB, andv is not adjacentto € AB U B, then by transitivitysis
adjacent ta, andt is not adjacent to. As a consequence,# t, and by Claim Gs, ) ¢ E.
Thereforey € B—, since otherwis& would contain the subgraph

10 b,a,v
2 s ut |’

Denote byw a neighbor ot in B*. The vertexw is adjacent neither to (by transitivity)
nor tou (by the definition ofB%). Now if w is not adjacent ts, thenG contains ak3 +
K> =Gls,u, v, t, w], and ifwis adjacent te, thenG contains

Hg |:b, w, v:| .
s, u,t
Let u be non-adjacent te € AC, andv non-adjacenttd € AB U B~. By Claim 6
(s,t) € E, and by transitivity(z, u), (s, v) ¢ E. Thereforey € B, elseG contains a
K3+ K>=Gla, s, t, u, v]. Denote byw a neighbor ot in B*. Just as abovay is adjacent
neither tov nor tou. But now if w is not adjacent t®, then the vertices, ¢, s, t, u, v, w
induce inG aHzl, and ifw is adjacent te, thenG contains ak3 + K2 = G[s, 1, w, u, v].

Letu be adjacentte € AB, andv adjacentta € AC. By Claim 6(s, ) € E, and by
transitivity (¢, u), (s, v) € E. ButnowG(s, t, u, v] is aKj.

If uis not adjacent ta € C™*, andv is not adjacent ta € B~, we denote by a
neighbor oftin B, and byg a neighbor okin C~. Then(u, q), (v, p) ¢ E by transitivity,
(u, 1), (u, p), (v,s), (v, q) ¢ E by definition, and(s, 1) € E by Claim 6. Now either the
verticesp, ¢, s, t contain a triangle inducing together withv a K3 + K2, or G contains
the subgraph

H3 (p) [;qv " } .
To prove (2), we denote bya neighbor ofu in Xo, and byt a neighbor ofv in Xg. By
contradiction we assume thats not adjacent te. This implies thau is not adjacent ta,
since otherwise e BCU O, in which case the graph is not transitively orientable. Similarly,
v is not adjacent te. Therefores # ¢, and hencés, r) ¢ E by Claim 6. Up to symmetry
we have to analyze the following cases.
If s € BC andr € BC, thenG contains the subgraph

10 b,s,v
20 e tu|”
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If s, € O, thenG contains

H}(a) [b’ 5 ”} .

c,t,u

If s € BC,t € O, thenG contains aK3 + K2 = G[b, u, s, t, v].

If s € BCU O andt € BT, denote byp a neighbor oft in B~. By transitivity p is
adjacent ta, and by definitiorp is not adjacent to. But now if p is not adjacent ts, then
G contains akK3 + K2 = G[t, p, v, u, s]. If pis adjacent te, thenG contains either

H5)|:b,s,v1|
patvu
(if s € BC)or

H(1) [”’ s c}

v,a,s
(if s € O).

Finally, lets € C~ andr € B*. Denote byp a neighbor ot in B~ and byq a neighbor
of sin C*. By definition,u is not adjacent tp, andv is not adjacent t@. By transitivity
uis adjacent tay, andv is adjacent t. Consequentlyp is adjacent te, elseG contains a
K3+ K2 =Glt, p, v, u, s], and similarlyqg is adjacent td. This implies by transitivity that
(p, q) € E. But nowG contains the subgraph

19 [q’ 5 } -
P, t,u
Claim 8 completes establishing the basis of our inductiorkfer0, 1, making it now
possible to apply the induction step fbre= 1. In what follows we shall denote by)’( a
vertex inB;"(, by bé a vertex inBé, by c{( a vertex inC{(, and byc§ a vertex inCi.
From the definition of the subse@, B, C{( andC{} with j > 1 it follows that
(a) each vertex € B-,"( U Bé is adjacent to

each vertex irCi, with i < j — 2 (otherwiseu would belong toB™),
each vertex irYy (otherwiseu would belong toB)l(),

no vertex inZo (otherwiseu would belong toB1),

no vertex inXo (otherwiseu would belong toB}; :

no vertex inC, with i < j — 2 (otherwiseu would belong toBiZ’Ll);

(b) each vertex e C{( U C{} is adjacent to

e each vertexs), with i < j — 2 (otherwiseu would belong taC’;™),
e each vertex ir¥g (otherwiseu would belong toC}(),
e No vertex inYy (otherwiseu would belong toC}(),
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e no vertex inXg (otherwiseu would belong toC%),
e Nno vertex inBY, with i < j — 2 (otherwiseu would belong tocﬁﬁl).

By the induction hypothesis we shall assume that for eaehy k &,

(c) By N By, =0 andC)’( NCy =9 (in other words;b.’Z is adjacent tor{fl,. while by, is
not adjacent te}, ', andc?, is adjacent t) !, while ¢/, is not adjacent té), );

(d) (X}, Y;, Z;) is a proper partition of the subgragh;, which means in particular that
b} is not adjacent te},, andb?, is adjacent ta,.

Keeping (a)—(d) in mind, we prove the following two claims.

Claim 9. Fork > 1, BY, N BY =@ andC% N Cy = 0.

Proof. Due to symmetry, it is sufficient to prove thﬁf( N C’; = (). By contradiction, let
¢k be a vertex inc% N €. By the definition ofC%, ¢* has a non-neighbar’, * € B5 ™.
Analogously, ifk — 1> 1, then'b’gl has a neighbark 2 € CA~2. Proceeding in this way,
we obtain a sequence of vertices

_ k3 k—1 k-2 k-3
o =c b, Ty by

wherec?, is not adjacent té) !, andb, is adjacent ta}, .

Similarly, sincec belongs toC¥, we associate to it a sequence of vertices

B = ck, bl)‘(_l, cl;_z, bl)}_s o,

wherec] is adjacent ta}, ", andb?, is not adjacent te’, .

Casel: k is odd In that case the sequencg ends with c}( € C}( and 4 with
c% € C%. The proof will be given in several steps: (1) we first establish some prelimi-
nary facts, (2) then prove a helpful lemma, and (3) finally provide an exhaustive analysis of
the case.

(1) Preliminaries

From the definition o€} it follows thatc} has a conflict with a vertex, which is either
a neighbor oﬁ}( in ACor a non-neighbor af} in ABU B~. From Claim 7 we know that if
v is adjacent t@}(, then it is not adjacent é and vice versa. Similarly, by the definition
of C; the vertexc} has a neighbow € BC U O U B*, which is not adjacent to} due to
Claim 7. Taking into account observations (a)—(d), we conclude that only two possibilities
have to be examinedv, w) € E and(v, w) ¢ E. In step 3 of the proof, we analyze these
two options for each possible arrangement aindw.

(2) Helpful lemma

Lemma 10. If u € B~ is a neighbor of the vertew € BT, then u is adjacent to every
vertex of the formy, or . If u € BT is a neighbor of the vertex € B, then u has no

neighbors of the form{( orcy.
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Proof. Consider the two following ordered sequences of vertices:

1 3 5 k—4 k-2 k k-2 k-4 5 3 1
€ ={cy.cy.cy,....cy Loy ¢,y ey ... cx.Cx, Cxh

D =%, by, bS, .. bR P b B8 S, b, b2,

We shall denote b¥¢'(i) and% (i) theith elements of the respective sequences.

If u € B~ is a neighbor ofw € BT, thenu is adjacent to6(1) = c} by transitivity.
Assume now that is adjacent to the vertices(1), € (2), ..., € — 1). If, to the contrary,
uis not adjacent t& (i), then the vertices

w,u,61),21),%6(2),22),..., 21 —1),%31)

induce the :subgrale.l_1 in G. To be more specific, we indicate that

e W represents the vertey of Hl.l_ 1

e ¥(1),%(2),...,%(i)representthe;-vertices ofI{i{lwith %(j) having degree— j +1
forj=1,...,1i,

o u, 2(1),2(2),...,2(i — 1) represent thg-vertices ole.l_l with () having degree
jforj=1,...,i — 1, andu having degreé.

Thus, the first part of the lemma is proven by induction. The proof of the second part is
analogous. Indeed, if € BT is a neighbor ob € B~, thenu is not adjacent t&'(k) = c}(

by transitivity. Suppose is not adjacent to the vertic&gk), €(k — 1), ..., ¢k —i + 1).

Then the assumption thats adjacent t& (k — i) would lead to the contradiction that the
verticesu, v, €(k), 2(k), €k — 1), Z(k - 1),..., €k —i+1), Dk —i +1), €k — i)
induce the subgrapH! in G. O

(3) Analysis
Casel.l:(v,w) € E.
If ve ABUB™ andw € BC U O U BT, thenG contains the forbidden subgraph

2 2 14 14 k—3 1 k=3 1 k=1 k-1

il (w) v,b%, b5, b5, b, ....by ", b, ", by ", b,
k—1 1 1 3 3 5 k—4 k-2 k-2 k
Cys Cxr Cyr Cxs Cys -+ Cx 2 Cy 5 Cx 5 C

If v e AC andw € 0, then the following subgraph is forbidden:

0
Hi
2 4 12 6 k=5 3 k—=1 ;1 k—3 k-1
|:c,a,ll72,w,gbz,lbxgbz,a...,bxk ,szk ,4ka ’/[?XZ i|
v,cy,b,cy,cy,cx.cy, ..., Cy Ty L ct, Cy

If v e AC andw € BC U B, then the following forbidden subgraph arises:

2 12 14 14 k—3 1 k=3 k=1 ; k-1
HY [x’ w’lbz’lbx’sbzébx’s' o bzk ’4ka ’zbZk ﬁka }
U, Cx» Cy> Cx» Cyr Cxr > Cy  »Cx 5 Cy €

wherex denotes either the vertexf w € BC, oravertexu € B~ adjacenttavif w € Bt

(uis adjacent taw by Claim 6, andu is adjacent to every vertex of the fom’} or c§ by
Lemma 10).
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Casel.2: (v, w) ¢ E.
If ve ABU B~ andw € O, thenG contains the forbidden subgraph

Hlx )[v w, b%,b%,b‘é,... b3 A3 e, b’;;l]
k 1 3 .3 k 4 k 2 k72 k '
b,cx,cy,cx,cy,.. ,Cy »Cy Scy Sc

wherex denotes either the vertexif v € AB, or a vertext € B adjacentta if v € B~
(uis not adjacent tov by Claim 6 and has no neighbors of the foc@ or c{, by Lemma
10).

If ve ABUB™ andw € BT, orv € B~ andw € BC, then the following forbidden
subgraph appears:

1 [x b3 v, b8, 02,68, b5, . b2 B b
Hew) | 4 3°1° 537 k2k4kkza
Cy» Y, Cys Cx» Cy» Cxs Cys oo n €y 5 Cx 5 €, Cy
where

e Xis avertex inB~ adjacent tav, andy stands for, whenv € AB, w € B™;

e XisavertexinB~ adjacent tav, andyis a vertex inB™ adjacent ta, whenv € B~, w €
BT;

¢ xstands forc, andy is a vertex inB™ adjacent ta, whenv € B~, w € BC.

If v e AC andw € BC U O U BT, thenG contains the forbidden subgraph

2 4 12 6 14 k=5 1k—=1 ;1 k—3 1 k-1
Hkl NES [bz,wébz,lbxs, bZé bX7,... bk zbk 4bk ,kb)zf :|
U, Cx» Cy» Cx» Cy» Cx»r -2 Cy 5 Cy ,C, Cy

If v e AB andw € BC, then the following subgraph is forbidden:

2 2 1,4 4 k—3 1 k—3 3 k=1 k-1
HY, [C’w’v’fx’lbz’sbxébzém x k— 4b k— 2b ok zb k ]
b,a,cy,cx,cy,Cx.Cy, ..., Cy ,Cy e

Case2: k is evenln that case the sequeneéends withb}, € B and# with b! € B}.
The proof of this case follows exactly the same plan as the proof of case 1. Moreover, with
some care, the text of the proof of case 2 can be obtained from that of case 1 by exchanging
“AB’ with “ AC”, “¢” with “ b” (“ ¢” and “b” are vertices), C’ " with “ Bf(, “C/ ” with Bé
“ ’ " with “ bf e ’ " with ¢ b’ ? CCTwith “ B=”, and “C~” with “ B*™,

Takmg |nto account the panty change, the sequeficend % in Lemma 10, as well as
the forbidden subgraphs in the analysis part, must be rewritten more carefully. For instance,
% should read as

1 43 45 k=3 k=1 ;1 k-1 k-3 5 3 1
% ={by, by, by, ..., b5 S byt b BT L by, by, by ).
The descriptions of forbidden subgraphs can be adapted to the case & &véollows.
We distinguish two parts within the brackets: before the dots and after the dots. In the first

part, we exchange row 1 with row 2, and thet Wwith “ b”, * ’ " with * b§( and “c J ” with

! b’Z In the second part, we only change the subscripts: in the first row exché(hgeth
“Z’, and in the second rowX” with *Y”. [
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Claim 11. For k > 1,the subsetXy, Y;, Z; form a proper partition of the subgraph 6.

Proof. Taking into account (a)—(d) and Claim 9, we have to show only that

1) no vertex inB% is adjacent to a vertex i@% ;
X
(2) each vertex irBY is adjacent to each vertex @¥ .

To prove (1), assume to the contrary that a veblexe B is adjacent to a vertex, € C%.
We associate with%, a sequence of vertices

_ 1.k k—1 1k—2 k-3
oA =by,cy by Sey 7,

Wherebg( is not adjacent t@§_l, andc§ is adjacent td:{;l. Analogously, with the vertex
% we associate a sequence of vertices

g — .k k—1 k-2 ;1 k-3
B=cy,b, ", cy b, 7.,

wherec?, is not adjacent té} !, andb, is adjacent ta-}, .

Casel: kis odd In this case the sequencé ends withb € BL and% with ¢} € C%.
From the definition of3}, it follows thatb} has a conflict with a vertex, which is either
a neighbor of%, in AB or a non-neighbor ob% in AC U C*. Similarly, c}i has either a
neighborw € AC or a non-neighbow € AB U B~ by the definition ofCy. In analysis
of possibilities forv andw, we use the following lemma, which can be proven by analogy
with Lemma 10. [J

Lemma 12. If u € C~ is a neighbor of the vertex € C*, then u has no neighbors of the
form by, or b, If u € BT is a neighbor of the vertex € B~, then u has no neighbors of

J J
the formey, or cy,.

In addition, we introduce the following notations:
F(x) stands for

HL ol X, b3, b2, 05, b5, . B2 b3 bk bt
k=1\"X 6‘2 Cl C4 63 CG Ck—4 Ck_l Ck—2 Ck ’
Y * XYY XY 0 ¥ X Y r X '€

G (x) stands for

1 3 2 5 4 k—2 1k—3 1k k—1
5O v,bx,w,bX,bZ,bX,bZ,...,bX4 ,bZl ,bXZ, by
k+1 b,x,c%,c}(,c‘;,ci,c?,...,c];,c];*,c];{,cl)} '
and H (x) stands for
1 12 1.3 1.4 k—3 1k—2 1 k-1 1k
Hk]_(x)[wab)ghvbzzab)évbia~--vllzz3 ’ZIZX2 ’l]:Z]_ v]l:X:|
U, Cy, €y Cxr Cy oo s Cy T, Cx . Cy —, Cy

Casel.l:v € AB. Thenv is adjacent ta'l, otherwiseG containsF (v) as an induced
subgraph.
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If w e AC, thenw is adjacent ta (Claim 6) and hence th}, since otherwis& would
containF (w). But thenG contains
0 v, bk, b2, b3, 6%, 0%, ... b3 b2 B ek
1w, c}(, c)z,, ci, cf’,, c?( e c]f,_3, c’)((_z, cl}‘,_l, cl)‘( '
If w e AB U B~, thenw is not adjacent t@ (Claim 6) and is not adjacent lﬁg}( since
otherwiseG would containF (w). We hence conclude that € B, elseG containsG (a).
Letu be a vertex ilB™* adjacent tav. By Lemma 12 has no neighbors of the fornj( or

C)/’ If v is adjacent tau, thenG containsG («). If v is not adjacent ta, then the following
subgraph is forbidden:

Hl(bl)[v,bi,w,bi,b%,bz(,b;,...,b§—5,b§(,b’;3,b’;—1]
k\YX 2 4 1 6 3 .8 k=1 k=4 k k=2
Cy,U,Cy,Cx,Cp,CysCy ..., Cy ,Cx ,Cy,Cx

Casel.2:v € ACUCT andw € B~. By Claim 6,v andw are adjacent. By the definition
of BY, wis not adjacent td} € B°. Denote byu a vertex inB* adjacent tow. Due to
Lemma 12u has no neighbors of the forag, or c},.

In case thab € AC, we have(v, c}() ¢ E, since otherwisd" (v) arises. As a result, if
(v, u) € E thenH (u) appears, and {fv, 1) ¢ E we have the following forbidden subgraph:

1 3 12 1,5 1,4 k—2 1 k=3 1k k=1
Hkl l(a) I:Cs va wza b)§-9 bas b)é'» bgw“vl]lel »IZZ]_ ’fXZ,bZk i|
+ — — —
V, U, Cy, Cx, Cyy Cys Cy oy Cy 5 Cy 5 Cy 7, Cy

If v e C*, thenv is not adjacent to} € €O by the definition ofCO. Lett be a vertex in

C~ adjacent tw. By Lemma 12} has no neighbors of the fortrj( or b’,, and by Claim 6,

tis not adjacent ta. Next, if t is adjacent tav, thenG containsH (¢), and ifu is adjacent

to v, thenG containsH (u). If both (7, w) ¢ E and(u, v) ¢ E, then the following subgraph
is forbidden:

2 1 4 13 k—4 1 k—1 1 k=2 1k
H} 1(”)[w’t’lbz’bg’b%’bgw.’blf z’bkz 3’ka i’cbf]
i " - .
b,cy,v,C%,Cy,Cxy -5 Cy 2 Cy ,Cx, Cy

The remaining cases follow by symmetry.

Case2: k is evenln this case the sequeneg ends withc} € C} and with b}, € BL.
From the definition of"} it follows thatc} has a neighbor in BC U O U B*. Similarly,
b1 has a neighbow € BC U O U C~ by the definition of8}. The verticess andw belong
to Xo and hence are non-adjacent by Claim 6. Moreover, the verigrot adjacent tdL,
since otherwis& would contain the induced subgraph

1 12 1,3 14 k=3 1 k=2 k=1 ;k
T L N SR S S
k-1 1 62 C3 C4 Ckf3 ck72 Ckfl Ck
y>*x>"y>=*x--xy X °FYy %X

Symmetrically,w is not adjacent t@%. The following lemma is an analog of Lemmas 10
and 12.

Lemma 13. If u € B~ is a neighbor of the vertex BT, then u is adjacent to every
vertex of the formﬁ( or c§. If u € CTisaneighbor of the vertex € C~,then uis adjacent
to every vertex of the ford, or 57,.
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Also, we write F'(x, y) to denote the graph

1 32 1,3 1,4 k=3 k-2 k=1 1k
N S Sl i B Iy A
=+ — — — 1
Vs W, Cy, €%, Cys Cx -+ o» Cy 1 Cx ,Cy —,Cx

andG (x) to denote the graph

2 11 14 13 16 k=2 k=3 .k k-1
ng(v)[x’lbx’bz?: bg’b%’bf’m’bﬁ( 4’ka 1’ka’2bZk :|
Cys W, €y, €5 €y Cxpa oo, Cy 5 Cy T, Cy 5y

If v e BC andw € BC, thenG contains the induced subgraptic, b). If v € BC and
w € 0, thenG contains the induced subgrapfic). If v € O andw € O, thenG contains
the induced subgraph

1 32 3 14 k—3 1 k—2 1 k=1 1k
) T i B By )
b,w,cy,c%.cy,Cx...,cy T, Cy T, ¢y T.Cy

Now letv € BT andu be a vertex inB~ adjacent ta. If w € BC U O, thenG contains
the induced subgrapfi(u). If w € C~, we consider a vertex € C* adjacent ton. By
Claim 6,u andt are adjacent. Moreovdris adjacent ta, since otherwis& would contain
the induced subgraph

1 3 12 15 k=4 1 k=1 1 k=2 1k
[T LA L R S s L
k ¢ c2 Cl C4 CS ck72 ck73 Ck ckfl :
LS GRS A Gl AR '¢ s Y s X tY

Symmetricallyu is adjacent tav. But thenG contains the induced subgraptiu, 1).

The remaining cases follow by symmetry.

The proof of (2) is similar to the proof of (1) and hence is omitted

We have completed the induction showing that the sub¥etd}, Z; form a proper
partition of the subgrapty; for eachk > 0. Therefore, as mentioned befo(&,, Y, Z) is a
proper partition ofG. The theorem is proved.[]

4. Generalizations and extensions

Recall that a grapf is k-bisplit if it has a stable set such that the induced subgraph
G[V\X] has at mosk connected components, and all these are bi-cliques. Note that the
set of all isolated vertices iG[V\ X] is considered as a single bi-clique. Recall also that a
graphG is a weak bisplit graph if it i&-bisplit for somek. Note that weak bisplit graphs
are still 3-colorable but no longer comparability graphs (the chordless cycles of odd length
at least five are 2-bisplit graphs). In contrast to bisplit graphs, it will be shown below that
recognizing weak bisplit graphs is NP-complete. Moreover, we will show that recognizing
k-bisplit graphs can be done in polynomial time for every fiked
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For both results we need variants of the SATISFIABILITY problem:

2SAT: Let% be a collection of clauses over a set of Boolean variables, each of which
contains exactly two literals. Is there a truth assignment satisfyihg

It is well-known that 2SAT can be solved in linear tirfig7].

1-IN-3 3SAT: Let% be a collection of clauses over a set of Boolean variables, each of
which contains exactly three unnegated literals, i.e., variables. Is there a truth assignment
satisfying@ such that each clause has exactly one true variable?

This variant of the problem is known to be NP-complgt#].

Theorem 14. For every fixed > 1, k-bisplit graphs are recognizable in polynomial time

Proof. To develop a polynomial time recognition lebisplit graphs, we need to introduce
some more terminology. By analogy with bisplit graphs, we call a partioa X U W
properif X is a stable set such that the subgrapimduced byw has at mosk connected
components each of which is a bi-clique. Let us call any maximal subset of vertidesithf
the same neighborhood (i) acanonical classClearly, any canonical class is a stable set,
any two canonical classes are disjoint ahtlas a unique partition into canonical classes.
By picking an arbitrary vertex in each canonical classlafe obtain an induced subgraph
which is called theharacteristic graptof H. Alternatively, the characteristic graph can be
obtained by contracting each canonical class into a single vertex.

With this terminology we can say that a graph= (V, E) is k-bisplit if and only if
G admits a partitionV = X U W into a stable seK and a graphH = G[W] such that
the characteristic graph &f has at most 2 vertices each of which is of degree 1, except
possibly for a single vertex which is isolatedhh If M is a subset 0¥V such thatH[M] is
the characteristic graph &f, we shall say tha® admits a proper partitiowith respect to
the subgraph induced by.

To solve the recognition problem, we

(1) generate all subseld < V (G) with at most 2 vertices,

(2) check whether each vertex of the gra@hM] is of degree 1, except possibly for a
single vertex which is isolated, and if so

(3) determine whethd® admits a proper partition with respect@ M.

The first two tasks in this list are obviously polynomially solvable. Below we show that
guestion (3) also can be answered in polynomial time.

Assume thaiG admits a proper partitio = X U W with respect toG[M] and let
W1, ..., W, be the canonical classesG{W]. Denote byv; the vertex ofM that belongs
to W;, and letA = A, be the adjacency matrix ¢f[M], i.e.,A(i, j) =1if v; is adjacent to
vj, andA(, j) = 0 otherwise. In particulard (i, i) =0 for anyi = 1, ..., p. Then clearly
avertexu € W belongs toW; if and only if N(u) " M = N(v;) N M. This suggests the
following approach to question (3).

Given asubse C V, we classify the vertices 6f — M into subseté/p, Uy, ..., U, SO
thatU; :={u e V—_M | Nw)NM=N(v;)NM}for j >OandUo=V—M—Uj>0Uj.
In other words, forj > 0, U; is the set of candidate vertices for inclusion in the canonical
class containing;, andUy is the set of vertices that must goXan any proper partition of
G with respect taG[M]. Therefore, up to this poink = Ug andW = M and the canonical
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classes oGG[M] are defined by; ={v;}, j =1, ..., p. Obviously ifUg is not a stable set,

then the procedure can be terminated at this point. Otherwise, forjea®hwe determine
whether the vertices df; can be assigned #/; or to X so that the partitioX U W remains
proper. To this end, we first define the assignment enforced by the current partition, i.e., as
long as possible we do the following:

e if avertexu € U; has a neighbor iiX, we assigruto W;;
e if u € U; has a neighbar € W; with A(j, i) = 0 we assignito X;
e if u € U; has a non-neighbar e W; with A(j, i) = 1we assignito X.

If this sequence of assignments results in a partii@nWw which is not proper, we conclude
thatG has no proper partition with respect to the given subgtapt]. If the partitionX UW
is proper, then the rest can be done by a reduction to the 2SAT problem as follows.

With each vertex: € ;. oU; we associate a Boolean variable With pairs of vertices
u € U; andv € U; we associate clauses of two literals in the following way.

If uis adjacenttw andA(i, j) = 1, then we create a clausg Vv x,. If uis adjacent to
vandA(i, j) =0, we create two clausas Vv x, andx, V x,. If uis not adjacent te and
A(i, j) =1, we create a clausg V x,. If uis not adjacentte andA(i, j) = 0, no clause
is created.

Now it is a simple exercise to verify that the 2SAT formula consisting of the created
clauses is satisfiable if and only @ admits a proper partition with respect @& M]. In
particular, if the formula is satisfiable, then a proper partitio® @ obtained by assigning
each vertexi with x, = trueto X and each verten with x,, = falsetoW. O

Theorem 15. Recognizing weak bisplit graphs is NP-completesn for3-colorable com-
parability graphs

Proof. Clearly, the problem belongs to NP. To prove the NP-completeness, we will use a
reduction from 1-In-3 3Sat without negative literals.

Let¥={C1, C2, ..., C,,}beacollectionomclauseswith variable sét={v1, v, ..., v,}
such that every claugg; contains exactly three variables; = {c;1, ¢;2, ¢i3}, where each
literal ¢;; (1<i <m, 1< j<3)is avy for some suitabl&. We shall construct a 3-colorable
comparability graptG = G (%) such thats is weak bisplit if and only if§ € 1-In-3 3Sat.

For each variable; € U, let G (k) be a triangle with a labeled vertex. For each clause
C; = {ci1, ci2, ¢i3}, let G(C;) be the graph shown iRig. 2

The following properties o6& (C;) can be proved easily by inspection.

Proposition 16. G(C;) is weak bisplit. Every stable set X6 C;) with the property that
each connected component@{C;) — X is a bi-clique must contain exactly two of the
labeled vertices;1, c;2, ¢;3, and every two vertices @f; (1< j<3) can be extended to
such a stable set X @ (C;).

Let us construct the grapB taking as its vertex set the union of the vertex sets of all
graphsG (k) and all graph&; (C;). The edge set db will include all the edges of the graphs
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Fig. 2. The graplG (C;).

G (k) andG(C;) and the following additional edges: i is the variable;; in clauseC;,
then the vertex, of the triangleG (k) is connected to the vertex; of G(C;) by an edge.
Let us show thaG is weak bisplit if and only if§’ € 1-In-3 3Sat.

First, suppose th& is weak bisplit, and leX be a stable set @ such that each connected
component of5 — X is a bi-clique. We claim that for eveilyand evenyi,

e € X <= the neighbor;; of v, in G(C;) does not belong tX. (%)

The direction =" is clear becaus& is a stable set. For the other direction, assume that
¢ij ¢ X. Note that by constructior;; has a neighbor i (C;) that is not inX, andv; has

a neighbor in the triangl& (k) that is also not irX. Therefore v, must belong tdx, since
otherwise there would be an induced p&thoutsideX, contradicting the fact thaf — X
consists of disjoint bi-cliques. The directior=" follows.

Now, assign the value true to the variabjeif v, € X; otherwise assign to; the value
false. Since in everg; (C;) exactly one ofc;1, ¢;2, ¢;j3 is outsideX (Proposition 16)x)
shows that every clausgé; has exactly one true variable in the above assignment. Thus,
% € 1-In-3 3Sat.

Second, suppose thédte 1-In-3 3Sat, and consider a truth assignment for the variables
such that every’; has exactly one true variable. Let us construct akgen the following
way: in eachG (k) put into Xo the vertexvy if the variablevy is true; otherwise put into
Xo one of two neighbors of; in G (k). In eachG(C;) put into Xg those two vertices of
ci1, ¢i2, ¢i3 Whose corresponding variables have value false. By Proposition 16 the stable
setXp can be extended to a stable Xeif G such thatG — X consists of disjoint bi-cliques.
Thus,G is weak bisplit.

Observe that eacti (k) admits a transitive orientation such thatis a sink, and each
G (C;) admits a transitive orientation such that the vertigesc;», ¢;3 are sources. Hence
G admits a transitive orientation by directing the edges; from ¢;; to v;. Finally, G
is 3-colorable because it is B4-free comparability graphk-free perfect graphs are 3-
colorable). [
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